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In a recent paper Liu and Daum (2004) (henceforth LD04) derive analytical expressions for
the rate of autoconversion of cloud droplets to embryonic raindrops for a range of assumptions
about the dependence of the collection kernel upon cloud droplet size. Their analytical deriva-
tions are used to provide a physical formalism for some of the autoconversion parameterizations
that are widely used in a broad range of numerical models (e.g. Kessler 1969; Tripoli and Cotton
1980; Baker 1993; Boucher et al. 1995).

The basis for LD04 is the integral (their Equation 3), here written in mass terms

p= /0 h { /0 T K, x')x'n(fv')dm'} n(z)dz, 0

where P is defined as the autoconversion rate in LD04, x and z’ are the masses of two coalescing
droplets, n(z) is the number of droplets in the mass range x to = + dx, and K(z,z') is the
collection kernel for the coalescing droplets.

Most bulk precipitation schemes used in numerical models partition liquid water into sep-
arate cloud and rain classes using a separation particle radius ry, or equivalently mass xy =
(47 py /3)78, to distinguish the classes. The choice of 7y is taken to be 20 ym in this paper.
The autoconversion rate is then strictly defined as the rate at which liquid water is transferred,
or equivalently converted, from the cloud class to the rain class by coalescence of two cloud
droplets. For clarity, we term this the cloud-to-rain autoconversion rate (denoted here as A).

Autoconversion results from the collision of two cloud droplets with masses x, x' (each less
than xy) which form a rain droplet of mass z + z’ > x,. Therefore, the autoconversion rate may

be written (Beheng and Doms 1986) as:



A= /0 " { / _ K(z, aﬁ')x'n(ac')da:'} n(z)dz. @

which can be derived directly from the stochastic collection equation assuming a symmetric
kernel K (z,z') = K (', z) (Beheng and Doms 1986). Note that the limits of integration in the
inner integral reflect the constraint that z + =’ > x,. Equation (2) gives the true cloud-to-rain
autoconversion. Two cloud droplets with masses x and z’ can also coalesce to produce a second
cloud droplet of mass = + ' < xy. This process is termed selfcollection (Beheng and Doms
1986; Beheng 1994; Seifert and Beheng 2001), which here is given the symbol S. The sum of
the autoconversion and self-collection of cloud droplets is the total rate of coalescence of cloud
droplet mass.

Equations (1) and (2) are identical apart from the limits of integration, with the result that
(2) is more difficult to solve in an analytic sense because the lower limit of the integral over z” is
a function of x. Because of the different limits of integration (see figure 1), P and A have very
different physical interpretations. Equation (1) represents the total rate of mass coalescence.
In contrast, (2) is the rate of coalescence only of droplets that cross the x separation mass.
Clearly, A < P and represents the true autoconversion rate required by bulk parameterization
schemes. While the use of thresholding criteria for autoconversion and the strong weighting
of the collection kernel K (x,z') toward larger = and 2’ mimic to some degree the changes in
the limits of integration from (1) to (2), the integral in equation (1) still over-predicts the true
cloud-to-rain autoconversion substantially under realistic conditions, as is demonstrated below.

If we set the upper limits of integration to x, for both integrals in (1), we interpret the LD04



equation as being the total rate of mass coalescence of cloud (r < 7g) droplets, a rate we label
as P,,. Therefore, P,, = A+ S, i.e. the total mass coalescence is the sum of the self-collection
and the autoconversion. We ask how different the values of A and P, are for physically realistic
cloud droplet size distributions and collection kernel K (z,z'). To achieve this we first use the
collision kernel data of Hall (1980) and Stokes flow terminal velocity from Pruppacher and Klett
(1997), assuming a coalescence efficiency of unity, to define K (z, z'). Our observational dataset
comprises data from 12 flights of the UK Met Office C-130 in marine boundary layer (MBL)
clouds (see Wood 2005a, for a complete description). Droplet size distributions (r < 20 pm)
are measured at a number of levels in each cloud. The cloud liquid water contents and droplet
concentrations span the range commonly observed in stratiform MBL clouds.

For each of the size distributions in cloud, we derive P,, and A as described above. The
integrals (1) and (2) are evaluated using the trapezoidal rule over logarithmically-equispaced
radius/mass bins. The results are shown in figure 2 and are in general agreement with the
comparisons in Wood (2005b), where a time-dependent SCE solver was used to determine the
cloud-to-rain autoconversion rates for the observed size distributions. We find that the 10th and
90th percentiles of P,,/A are 3.8 and 112 with the median value being 9.3. Inclusion only of
size distributions that satisfy the critical radius threshold criterion of Liu et al. (2004 ) leads to a
median value of P,,/A equal to 7.3 with 10th and 90th percentiles of 3.2 and 15.7. Thus, the
LDO04 autoconversion rate P results in an over-prediction of the cloud-to-rain autoconversion
rate by almost an order of magnitude even if the analytic LD0O4 bulk parameterization for the

kernel K (z,z") were perfect. This demonstrates that most of the mass coalescence of cloud



droplets yields cloud droplets, i.e. is self-collection. Although we do not show it here, compar-
isons suggest that behavior of the LD04 bulk parameterization is qualitatively similar to P,
overestimating A by a factor of 2-10 (see Wood 2005b). This result is not restricted only to
the parameterization derived in LDO04, but would also apply to other parameterizations that are
rooted in the evaluation of equation (1).

Figure 2(b) shows P,, /A against the mean volume radius r,. The dashed line indicates the
results for a modified gamma distribution of cloud droplets (e.g. Austin et al. 1995) with the
spectral width parameterized using Wood (2000). Only for spectra with r, close to ry does the
LDO04 integral (1) approximate the cloud-to-rain autoconversion rate.

One could argue, based upon the kinetic potential of nucleation theory developed by Mc-
Graw and Liu (2003) that the autoconversion rate should represent the mass transfer through
coalescence across a separation radius that has physical significance, rather than one that is
somewhat arbitrarily chosen to represent the size at which the importance of coalescence ex-
ceeds that of condensational growth. However, because the physically-based separation radius
is a complex function of cloud turbulence and thermodynamics (McGraw and Liu 2003), it
is not possible to examine this with the data we have available. However, we note that the
physically-based separation radius is almost always in the range 20 < r < 30 pm, and tests
show that values of r larger than 20 um result in even poorer agreement between P, and A.

To conclude, we have shown that the integral used in LD04 to determine the autoconversion
rate does not give the cloud-to-rain autoconversion rate A, i.e. the rate of transfer of mass across

a particular radius separating cloud and rain classes by coalescence. Instead it gives the total



rate of mass coalescence among cloud droplets and is typically much larger than A. We agree
that the work of LDO04 provides a solid theoretical basis for the Kessler-type parameterizations,
which should prove fruitful in the quantitative determination of factors controlling warm rain
production. However, we believe it important to note that this theoretical formulation has as its
root an equation that can substantially overpredict the rate of conversion of mass from cloud
droplets to embryonic raindrops as is commonly required by bulk precipitation schemes in

numerical models.
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Figure 1: The left and right panels of this diagram depict the combinations of cloud droplets
whose merging will yield a droplet whose mass (at left) or radius (at right) exceeds the sepa-
ration xg or rg, respectively. The shaded region in the left panel, x + 2’ > zy and z, 2" < zg,
corresponds to the domain of integration in equation (2). In the right panel, the shaded region

corresponds to 73 + 73 > rf and r, 7' < ry.

Figure 2:(a)P,, against A for spectra from aircraft flights. Open circles represent the subset
of spectra which do not reach the sixth moment critical radius criterion for autoconversion in
LDO04; (b) The ratio P,,/A against mean volume radius r, for observations (circles, with open
circles same as (a)). Dashed line shows P, /A obtained assuming a modified gamma droplet

size distribution (see text).
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