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ABSTRACT

The nonlinear shallow-water equations are used to study the tropical stationary wave response to steady
thermal forcing near the equator in earthlike zonally symmetric basic states. A thin (200 m) fluid layer is
superimposed over a large (1500 m) zonally symmetric topography distribution that decreases smoothly
from the Tropics to the Poles, thus providing the large meridional height gradients required to maintain
realistic zonal-mean zonal winds without introducing unrealistically large tropical wave speeds. A mean
meridional circulation is maintained by relaxing the fluid toward its initial, global-mean depth. Both hemi-
spherically symmetric (equinoctial) and hemispherically asymmetric (solstitial) basic states are considered.
Stationary waves are generated by adding a fixed mass source/sink distribution near the equator.

The presence of westerly zonal-mean winds in the subtropics amplifies the steady eddy response to the
tropical mass forcing and shifts the Rossby gyres poleward and eastward, relative to their position in a
resting basic state. When either the mass forcing or the center of the topography distribution is moved off
the equator, the eddy response develops considerable hemispheric asymmetry. When the eddy forcing is
centered in the “summer” hemisphere of the solstitial basic state, the eddy response exhibits a similar
amplitude in both hemispheres, which suggests that the considerable hemispheric symmetry of the observed
seasonally varying eddy circulations in the tropical upper troposphere may be attributed to the tendency for
the maximum zonal-mean and eddy diabatic heating to occur in the same latitude band throughout the
seasonal cycle. Hemispheric asymmetry in either the basic state or the eddy forcing also leads to cross-
equatorial eddy momentum fluxes. Experiments performed using a balanced basic state with zero-mean
meridional flow indicate that the cross-equatorial mean meridional winds play a significant role in promot-
ing the propagation of wave activity across the equator under solstitial conditions.

1. Introduction

The shallow-water equations are often used to isolate
the dynamics of an individual baroclinic mode or a par-
ticular isentropic layer in a continuously stratified at-
mosphere. In this paper, we focus on the stationary
waves in the tropical upper troposphere, which can be
modeled in the shallow-water framework by choosing a
small layer depth and introducing a fixed pattern of
mass sources and sinks to represent persistent horizon-

tal variations in diabatic heating at low latitudes. The
first papers to employ this technique were Matsuno
(1966) and Gill (1980), who examined the linear re-
sponse on an equatorial beta plane in a resting basic
state and interpreted the resulting wave structures in
terms of forced Kelvin and Rossby waves. Spherical
geometry (Gill 1982), nonlinearity (Van Tuyl 1986; Gill
and Phlips 1986), and horizontally uniform zonal winds
(Lau and Lim 1982; Lim and Chang 1983; Phlips and
Gill 1987) were subsequently found to induce signifi-
cant changes in the shallow-water response to tropical
eddy forcing, including the formation of an extratropi-
cal wave train when the mean winds are westerly and
the layer depth is sufficiently large. Lau and Lim (1984)
extended this analysis by considering the combined ef-
fects of spherical geometry, nonlinearity, and realistic
mean winds.

Subsequent studies of stationary waves in the upper
troposphere have mainly focused on either the extra-
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tropical response to tropical forcing or the equatorward
propagation of waves forced by midlatitude topogra-
phy. The nondivergent barotropic vorticity equation
provides a simpler framework for studying the propa-
gation of wave activity through the extratropical upper
troposphere and has been used extensively to study
both the teleconnections associated with low-latitude
forcing (e.g., Sardeshmukh and Hoskins 1988) and the
horizontal dispersion of midlatitude wave trains (e.g.,
Watterson and Schneider 1987). A variety of linear and
nonlinear three-dimensional models have also been
used to simulate global stationary wave patterns with
increasing realism (e.g., Hoskins and Rodwell 1995;
Ting et al. 2001; Schumacher et al. 2004). Experiments
with shallow-water models, on the other hand, have
been restricted to studies of the subtropical dissipation
of waves forced by midlatitude topography (e.g.,
Schneider and Watterson 1984; Brunet and Hayes 1996;
Esler et al. 2000) or the evolution of transient distur-
bances in the Tropics (e.g., Webster and Chang 1988;
Nieto Ferreira and Schubert 1999; Hsu and Plumb
2000).

One reason why the shallow-water equations have
not been used more extensively to study tropical sta-
tionary waves is because specifying a realistic basic
state can be problematic. The three methods commonly
used to impose realistic basic states in shallow-water
models are 1) linearizing the equations of motion about
a specified basic state (e.g., Schneider and Watterson
1984), 2) specifying a zonally invariant mass source
near the equator with corresponding mass sinks at
higher latitude (e.g., Esler et al. 2000), or 3) initializing
the model with balanced height and wind fields (e.g.,
Neito Ferreira and Schubert 1999). The linear method
is limited because both wave–wave and wave–mean
flow interactions are precluded and are also difficult to
justify because the eddy circulations at low latitudes are
comparable in intensity to the mean flow. In addition,
strong frictional drag is required to produce steady so-
lutions in linear stationary wave models. This drag can
be interpreted as a crude parameterization of the
damping effects of nonlinear processes and transient
eddies (Ting and Held 1990), but vorticity budgets (e.g.,
Sardeshmukh and Hoskins 1985) and axisymmetric
models (e.g., Held and Hou 1980) suggest that the mo-
tions in the tropical upper troposphere are inherently
nonlinear and inviscid.

The two methods used to impose realistic basic states
in nonlinear shallow-water models, namely specifying a
zonally invariant mass source/sink distribution or con-
structing a balanced basic state, suffer from a more
subtle deficiency. To produce a basic-state zonal wind
distribution with westerly midlatitude jetstreams, the

basic-state height field must be large in the Tropics (on
the order of several kilometers) and decrease sharply
toward the Poles. However, such a deep layer near the
equator is inconsistent with the 15–250-m fluid depths
implied by phase speed estimates for the first tropical
baroclinic mode [c � �gho � 12–50 m s�1, Wheeler et
al. (2000)] or the stability of an isentropic layer repre-
senting the Hadley cell outflow [gho � 1000 m2 s�2,
Held and Phillips (1990)]. Hence, shallow-water models
with basic states constructed using a mass source/sink
distribution or a balancing procedure might be useful
for studying extratropical waves, which are equivalent
barotropic in structure, but are unsuitable for modeling
tropical stationary waves.

In this paper, basic states are imposed in the nonlin-
ear shallow-water system by specifying a thin (200 m)
fluid layer over a large (1500 m), zonally symmetric
topography distribution that decreases smoothly from
the Tropics to the Poles. This configuration yields re-
alistic basic-state winds without artificially enhancing
tropical wave speeds or potential vorticity gradients,
thus providing a consistent framework for studying
eddy circulations at low latitudes. The idea of combin-
ing a shallow layer depth with a large meridional height
gradient in the momentum equations was inspired by
Held and Phillips (1990), who studied the influence of
extratropical waves on the zonally averaged flow using
a hybrid model in which the nondivergent barotropic
vorticity equation was coupled to a modified shallow-
water system.

As in previous shallow-water model experiments,
stationary waves are generated by placing an isolated
mass source at the equator, balanced by a weak mass
sink at other longitudes. The influence of realistic basic-
state winds on the stationary wave pattern is evaluated
by comparing integrations performed using the topo-
graphically forced basic states with those performed in
a resting basic state. The influence of hemispheric
asymmetry on the response to tropical eddy forcing is
explored by moving the mass source/sink distribution
off the equator and by shifting the center of the zonal-
mean topography field into one hemisphere to produce
a “solstitial” basic state. The influence of the Hadley
circulation on the stationary wave response is isolated
by using a balancing procedure similar to that em-
ployed by Esler et al. (2000) and also by considering
idealized perturbations to the linear barotropic vortic-
ity equation.

The results of this study provide insight into several
interesting features of the stationary waves in the tropi-
cal upper troposphere. Dima et al. (2005) recently
noted that the eddy momentum fluxes associated with
the seasonally varying large-scale waves in the equato-
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rial upper troposphere are always directed opposite the
prevailing mean meridional flow in the National Cen-
ters for Environmental Prediction–National Center for
Atmospheric Research (NCEP–NCAR) reanalysis.
Kraucunas and Hartmann (2005) noted a similar anti-
correlation between the mean meridional circulation
and eddy momentum fluxes over the equator in an ide-
alized GCM forced with fixed tropical eddy heating.
Our results indicate that hemispheric asymmetry in ei-
ther the basic state or the eddy forcing gives rise to
cross-equatorial eddy momentum fluxes and that the
mean meridional flow amplifies these fluxes signifi-
cantly when the eddy forcing and zonal-mean diver-
gence are located in the same hemisphere. The station-
ary wave response also exhibits similar amplitudes on
both sides of the equator when the eddy forcing resides
in the summer hemisphere of the solstitial basic state,
which suggests that the strong hemispheric symmetry of
the tropical stationary wave pattern over the course of
the seasonal cycle noted by Dima et al. (2005) can be
attributed to the tendency for the maximum eddy and
zonal-mean diabatic forcing to occur in the same lati-
tude band.

The paper is organized as follows. The shallow-water
equations are discussed in section 2. Our method for
imposing zonally invariant basic states in the shallow-
water system is introduced in section 3. The response of
the model to steady eddy forcing at low latitudes is
examined in section 4, with an emphasis on the influ-
ence of hemispheric asymmetry on both the equilib-
rium stationary wave structures and the eddy momen-
tum fluxes near the equator. The final section summa-
rizes our conclusions and includes some additional
discussion of the relationship between the zonally av-
eraged flow and steady eddy circulations at low lati-
tudes.

2. Shallow-water equations

The following equations describe a thin, homoge-
neous layer of incompressible fluid with depth h under
the influence of gravity, planetary rotation, and arbi-
trary forcing F on a spherical rotating planet with radius
a, gravitational acceleration g, and planetary vorticity
f � 2� sin�. The total height field H is the sum of the
fluid depth h and surface topography hs (H � h � hs):
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It is often convenient to express these equations in
vorticity–divergence form, using the absolute vorticity
� � f � 
 and kinetic energy per unit mass K � (u2 �
�2)/2:
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In the absence of forcing, the shallow-water equa-
tions conserve potential vorticity (� � �/h), potential
enstrophy (�2/2), and (globally) total energy. Also note
that the only place where topography enters the system
(4)–(6) is through the Laplacian term in the divergence
equation [or, in (1)–(3), through the derivatives of the
total height field in the momentum equations].

The numerical model that we use to integrate the
shallow-water equations is the Geophysical Fluid Dy-
namics Laboratory (GFDL) “FMS” shallow-water
model. This model employs the vorticity–divergence
form of the shallow-water equations (4)–(6), with linear
terms computed using a spectral transform method
and nonlinear terms calculated on the corresponding
Gaussian grid. Time differencing is treated semi-
implicitly, with a Robert–Asselin filter. The experi-
ments described in this paper were performed at T42
resolution with a �8 hyperdiffusion that damps the
smallest resolved features at a time scale of roughly 1
day. Our results are not sensitive to these aspects of the
model.

3. Basic states

In the shallow-water system, mass sources and sinks
play a role analogous to diabatic heating and cooling,
respectively, in a stratified atmosphere and may be im-
posed by imposing a fixed mass source/sink Q, relaxing
the height field toward a reference height field href, or
both:

Fh � Q
�, �� � kh�h � href
�, ���. 
7�

A basic-state circulation resembling the mean flow in
the upper troposphere can be generated using (7) by
imposing a zonally invariant mass source near the equa-
tor with compensating mass sinks at higher latitudes or
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by relaxing the height field toward a zonally invariant
reference height distribution that is large near the equa-
tor and decreases toward the Poles. The other method
commonly used to impose realistic basic states in non-
linear shallow-water models is to specify the desired
wind distribution and use a balancing procedure to ob-
tain an initial height field using the nonlinear balance
equation:

g�2hbal �
1

a cos�

�
���

�	
�

�
�u cos��

a cos� ��
� �2K. 
8�

As discussed in the introduction, the basic-state
height fields generated using either (7) or (8) must be
large in the Tropics in order to produce realistic upper-
tropospheric winds, but a deep fluid layer at the equa-
tor is inconsistent with the shallow equivalent depths
implied by the slow phase speeds and weak static sta-
bilities observed in the tropical troposphere. To circum-
vent this problem, we consider a thin fluid layer sitting
on top of a zonally symmetric topography distribution
with the following form:

hs � H0�1 � 
sin� � sin�0�2�. 
9�

Here H0 represents the maximum height of the topog-
raphy, �0 is the latitude where this peak occurs, and the
sine-squared profile provides a meridional gradient that
approximates the observed upper-tropospheric geopo-
tential height gradient. Hemispherically symmetric ba-
sic states are created when �0 � 0°. Solstitial basic states
are generated when �0 is nonzero; the hemisphere con-
taining the peak of the topography will have smaller
meridional height gradients and weaker zonal-mean
zonal winds, and thus corresponds to the “summer”
hemisphere on Earth.

To generate a mean meridional circulation and pre-
vent the fluid from simply “running down” the moun-
tain, the fluid depth is relaxed toward its initial, global-
mean value h0:

Fh � �
h � h0�	
. 
10�

In all of the experiments below, we use a thermal damp-
ing time scale of � � 10 days and an initial global-mean
fluid depth of h0 � 200 m. In equilibrium, the mean
fluid depth will be lower than h0 near the equator and
larger than h0 away from the equator, so (10) gives rise
to a mean meridional flow analogous to the outflow
from the Hadley circulation.

Some form of frictional drag is usually included in the
zonal momentum equation in order to balance the Co-
riolis accelerations associated with the mean meridional
circulation and to permit steady solutions when eddy

forcing is added. We use a linear drag for both the zonal
and meridional velocities:

Fu � �ku

F� � �k� . 
11�

In most of the experiments described below, the
strength of the frictional drag is the same as the damp-
ing strength used in the height equation [i.e., k � 1/� �
(10 days)�1]. Since the tropical upper troposphere is
generally regarded as a region with weak frictional drag
and long thermal damping time scales, we would prefer
to use even weaker frictional drag and thermal damping
along with a smaller fluid depth. However, in the pres-
ence of realistic eddy forcing, fluid depths less than 200
m give rise to Froude numbers (F � 2K/gh) approach-
ing unity.

Figure 1 shows the topography distributions and zon-
ally symmetric climates produced by the shallow-water
model described in section 2 forced using (9)–(11) with
k � 1/� � (10 days)�1 and H0 � 1500 m. The �0 � 0°
case (solid lines) is referred to as the “equinoctial” ba-
sic state, while the �0 � 5° run corresponds to the sol-
stitial basic state. To prevent negative fluid depths near
the Pole in the solstitial basic state, a horizontally uni-
form bias of 200 m is added to the topography distri-
bution in both experiments; this offset does not affect
the results since the horizontal height gradients remain
unchanged. Integrations are initialized using a resting
fluid with uniform depth h0 � 200 m, and the zonally
symmetric topography is raised over the first 25 days of
each experiment. The equilibrium response is typically
established after 50 days. The results presented below
are from day 200.

The equilibrium zonal and meridional winds in the
equinox basic state (solid lines in Figs. 1d,e) bear a
strong resemblance to the observed zonally averaged
flow in the upper troposphere during equinox months
(see, e.g., Dima et al. 2005). The solstitial basic state
(dashed lines) likewise provides a reasonable facsimile
of the observed upper-tropospheric flow during austral
winter, with stronger zonal winds in the “winter” hemi-
sphere, weaker zonal flow in the summer hemisphere,
and a mean meridional circulation dominated by a
single Hadley cell straddling the equator. The conser-
vation of angular momentum following the cross-
equatorial flow gives rise to easterly zonal winds at the
equator in the solstitial basic state (cf. Lindzen and Hou
1988). In both basic states, the equilibrium fluid depth
(Fig. 1c) is �100 m near the equator, which is within the
appropriate range for simulating the equatorial waves
discussed above. The fluid depth increases to �250 m at
�15°N, then gradually decreases to �220 m at the
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Poles. These depths are too small to permit extratrop-
ical wave trains to develop in response to tropical forc-
ing (cf. Lau and Lim 1984).

Basic-state experiments with different values for k
and � (not shown) indicate a similar sensitivity to ther-
mal and frictional damping strength as Held and Phil-
lips (1990), who found that the mean zonal wind distri-
bution in a similar but slightly simpler model depends
on the damping parameters and fluid depth only
through the combination h0ktk

�1
f , while the mean me-

ridional flow approaches a lower bound proportional to
kth

�1
0 as kf → 0. Experiments with a momentum source

proportional to the tropical mass source (Gent 1993)
produce basic states similar to those depicted in Fig. 1
and exhibit a response to tropical eddy forcing similar
to that described in the next section.

To isolate the influence of the Hadley circulation on
the tropical stationary waves induced by steady thermal
forcing near the equator, we also consider zonally sym-
metric basic states that do not have a mean meridional
circulation, but are otherwise identical to the equinoc-
tial and solstitial basic states. These “no Hadley” basic
states are generated by solving the nonlinear balance
Eq. (8) with the meridional winds set equal to zero and

FIG. 1. The equinoctial (solid) and solstitial (dashed) basic states:
(a),(b) topography and total height, (c) mean fluid depth, (d) mean
zonal wind, and (e) mean meridional winds. The dotted line in (c)
represents the initial, global-mean fluid depth and the dot–dashed
line in (e) shows the mean meridional winds in the no-Hadley basic
states, which have the same height and zonal winds distributions as
their equinoctial and solstitial counterparts.
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the zonal winds set equal to one of the equilibrium
zonal wind fields generated using (9)–(11). The topog-
raphy distribution is then set equal to the difference
between the balanced height field and the equilibrium
total height field from the corresponding full basic-state
integration. Since the general circulation is usually very
close to nonlinear balance and the mean meridional
winds are much weaker than the mean zonal winds, this
procedure yields topography fields that are nearly iden-
tical to those produced using (9)–(11). When eddy forc-
ing is present, the wind and height perturbations in the
no Hadley experiments are relaxed toward their initial,
zonally symmetric values with the same (10 days)�1

damping used in the equinoctial and solstitial experi-
ments.

4. Response to eddy forcing

In this section, we examine the response of the
shallow-water model described in the previous section
to a zonally asymmetric mass source/sink distribution
given by

Q*
�, �� � Qe exp���� � �e

�� �2

� �� � �e

�� �2�
� Q
��. 
12�

The mass source is centered at the date line (	e � 180°)
with a longitudinal scale of �	 � 30°, a latitudinal scale
of �� � 5°, and an amplitude of Qe � 100 m day�1. The
damping in the model permits a steady-state solution.
To study the effects of hemispherically asymmetric
forcing, experiments are performed with the mass forc-
ing centered at either the equator (�e � 0°) or at 10°N.
Here Q represents the zonal average of the mass
source, which is removed in order to prevent the direct
forcing of a zonal-mean response.

The model is initialized with the equinoctial basic
state, the solstitial basic state, one of the corresponding
no-Hadley basic states, or a resting basic state con-
structed by specifying zero topography everywhere
(hs � 0) and a fluid depth of 100 m, which approximates
the equilibrium depth near the equator in the realistic
basic states (Fig. 1c). The eddy forcing is increased lin-
early over the first 25 days of each run, and the equi-
librium response is typically established by day 75. Re-
sults shown below are from day 200. Identical results
are obtained for any balanced initial state. The zonal-
mean component of the response is generally small due
to the removal of the zonal mean in (12), and has been
removed from all of the figures below in order to focus
on the steady eddy circulation. The small zonal-mean

zonal wind response of the shallow-water model to im-
posed eddy forcing is discussed in detail in Kraucunas
(2005).

To identify the factors controlling the zonally asym-
metric response to tropical eddy forcing and the
changes induced by imposing hemispheric asymmetry
and/or realistic basic states, it is useful to consider the
eddy vorticity balance, which may be written:

��*
�t

� �
���* � 
v*i · ���* � 
v*r · ���* �
�u�

a cos�

��*
��

�
���

a

��*
��

� 
k��* � 0. 
13�

The subscripts r and i in (13) denote the rotational and
irrotational (divergent) components of the equilibrium
eddy circulation, respectively, while brackets and aster-
isks denote zonally averaged and zonally asymmetric
(eddy) quantities. Note that the absolute vorticity � is
the sum of the planetary vorticity f, the eddy vorticity

*, and the zonal-mean relative vorticity [
] associated
with the zonal-mean zonal wind field.

a. Resting basic-state solutions

Figure 2 shows the equilibrium eddy responses ob-
tained when the shallow-water model is integrated with
eddy forcing centered both on and off the equator in a
resting basic state. The height and wind anomalies in
the hemispherically symmetric solution (Fig. 2a) are
analogous to those found in the linear response to an
isolated mass sink studied by Gill (1980). However, the
compensating mass sink in (13), along with the rela-
tively weak damping and periodic domain of our
model, gives rise to a solution that bears a closer re-
semblance to the zonal wavenumber-one response ob-
tained by Matsuno (1966). The ridge in the height field
along the equator and the dividing line between east-
erly and westerly flow are located slightly to the east of
the maximum forcing, while the strongest eddy zonal
winds and negative height anomalies are found to the
west of the mass source. The equilibrium eddy vorticity
field in the hemispherically symmetric experiment (Fig.
2b) is dominated by a pair of anticyclones straddling the
equator to the west of the mass source. The strong
easterly winds to the west of the mass source in Fig. 2a
are clearly associated with the rotational flow around
these anticyclones, and the meridional winds are di-
rected toward (away from) the equator in the mass
source (sink) region to complete the nondivergent cir-
culation. The eddy divergence field (shading in Fig. 2c)
is virtually identical in structure to the mass forcing,
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which is the shallow-water analog of the balance be-
tween eddy heating and vertical motion in the tropical
atmosphere (see, e.g., Schumacher et al. 2004). The di-
vergent winds (vectors in Fig. 2c) reinforce the rota-
tional winds along the equator but tend to cancel the
rotational flow in both hemispheres, for reasons that
are discussed below.

Figure 3 shows the eddy vorticity balance (13) for the

resting basic-state experiment with eddy forcing at the
equator (the terms involving the zonal-mean winds are
negligible in the resting basic state). The dominant bal-
ance is between the generation of vorticity by divergent
advection (Fig. 3b) and the advection of vorticity by the
rotational winds (Fig. 3c), with divergence forcing and
frictional drag only making small contributions near the
equator. The equilibrium divergence forcing is weak

FIG. 2. The equilibrium eddy response in the (a)–(c) �e � 0° and (d)–(f) �e � 10°N resting basic-state experiments: (a), (d) eddy height
field (contours every 5 m), mass source (shading every 2 � 10�4 m s�1), and eddy winds (vectors); (b), (e) eddy vorticity (contours every
5 � 10�6 s�1) and eddy rotational winds (vectors); and (c), (f) absolute vorticity (contours every 1 � 10�5 s�1), eddy divergence
(shading every 2 � 10�4 s�1), and eddy divergent winds (vectors).
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because the finite anticyclonic vorticity anomalies in
the mass source region reduce the local vorticity gradi-
ent over time; this “pool of zero absolute vorticity”
(Hoskins et al. 1999) can be seen at, and to the west of,
the divergence anomaly in Fig. 2c. Divergent advection,
on the other hand, provides significant anticyclonic
forcing because the eddy divergent winds are much
broader than the eddy divergence or eddy vorticity
anomalies (see Fig. 2e), and are generally oriented or-
thogonal to the vorticity field, as discussed by Sardesh-
mukh and Hoskins (1988). Hence, we can infer that the
Rossby wave response increases in amplitude until
eddy vorticity advection (plus frictional drag) balances
the forcing associated with the eddy divergence and
divergent winds. This balance between rotational and
divergent vorticity advection explains why the eddy cir-
culations are weak away from the equator and also why
the Rossby gyres are centered to the west of the mass
source. The westward displacement of the Rossby gyres
relative to the eddy forcing is also consistent with the
westward group velocity of Rossby waves (Gill 1980).

Moving the eddy forcing off the equator (Figs. 2d–f)
leads to a significant amplification, and slight north-

ward shift, in the eddy height and vorticity anomalies in
that hemisphere. However, the response in the South-
ern Hemisphere remains comparable in intensity to the
response in the hemispherically symmetric case despite
the fact that the eddy divergence anomaly induced by
the mass source resides entirely north of the equator.
The overall increase in rotational flow leads to slightly
stronger eddy zonal winds along the equator, and the
latitudinal displacement of the eddy forcing gives rise to
eddy divergent winds that are directed across the equa-
tor, especially to the south of the mass source. This
cross-equatorial eddy divergent flow, combined with
the slight eastward bias in the dividing line between
easterly and westerly winds, leads to a noticeable south-
west–northeast tilt in the eddy wind vectors along the
equator, implying a northward flux of eddy momentum.
Dima et al. (2005) report similar results using a shallow-
water model forced in a similar manner and show that
the observed seasonally varying stationary waves in the
tropical upper troposphere also exhibit cross-equatorial
eddy momentum fluxes and substantial hemispheric
symmetry throughout the year. Lau and Lim (1984)
noted that tilted eddy circulations are also generated

FIG. 3. Vorticity balance components for the �e � 0° resting basic-state experiment: contours every 1.5 � 10�11 s�2.
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when mass forcing is imposed farther away from the
equator (27° and 35°N) in a shallow-water model, but
the observed eddy diabatic forcing is generally located
closer to the equator.

The eddy vorticity balance for the resting basic-state
experiment with hemispherically asymmetric forcing
(Fig. 4) indicates that the amplification of the response
in the forced hemisphere may be attributed to an in-
crease in divergent forcing (Fig. 4a), which in turn may
be attributed to the increase in planetary vorticity with
latitude and the latitudinal displacement of the mass
source outside the “pool of zero vorticity” near the
equator. The reason why the Southern Hemisphere re-
sponse only weakens slightly when the eddy forcing is
moved into the Northern Hemisphere, on the other
hand, is because the eddy divergent winds continue to
provide significant anticyclonic vorticity advection on
the other side of the equator (Fig. 4b). Sardeshmukh
and Hoskins (1988) ascribe the hemispheric symmetry
of the extratropical response to tropical eddy forcing to
a similar effect. Also note that the cross-equatorial
eddy divergent winds to the south of the mass source do
not give rise to a rotational response because the vor-

ticity gradient is small near the equator. We will discuss
the eddy momentum fluxes implied by the tilted eddy
wind field along the equator in section 4d.

b. Equinoctial basic-state solutions

Figure 5 shows the equilibrium zonally asymmetric
response of the shallow-water model integrated with
eddy forcing both on and off the equator in the equi-
noctial basic state. The eddy height field in the �e � 0°
experiment (Fig. 5a) is dominated by large positive
anomalies centered almost directly north and south of
the mass source (note that the contour interval in Fig.
5a is twice as large as in Fig. 2a). The easterly eddy
zonal winds near the equator are also stronger and ex-
tend farther into each hemisphere than the easterly
wind anomalies in the resting basic state, while the
westerly wind anomalies to the east of the mass source
are slightly weaker. In addition, the height anomalies
and the dividing line between easterly and westerly
flow along the equator have both shifted to the east so
that easterly flow now dominates the mass source re-
gion. The eddy vorticity anomalies and rotational winds
(Fig. 5b) are also centered eastward and poleward of

FIG. 4. As in Fig. 3 except for the �e � 10°N resting basic-state experiment.
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their positions in the resting basic state (Fig. 2b). All of
these changes bring the eddy circulation much closer to
the observed quasi-stationary wave pattern in the tropi-
cal upper troposphere on earth during spring and au-
tumn (e.g., Dima et al. 2005), which suggests that the
inclusion of a realistic basic state is crucial for accu-
rately simulating the climatological steady eddy circu-
lation in the tropical band.

Figure 6 shows the eddy vorticity balance for the
equinoctial run with eddy forcing centered at the equa-

tor. As in the resting basic state, the formation of a pool
of zero absolute vorticity limits the forcing associated
with the eddy divergence anomaly in the mass source
region (Fig. 6a). The broader scale of the anticyclonic
vorticity anomalies in Fig. 5, combined with the weaker
absolute vorticity gradient on the equatorward side of
the subtropical jets in the equinoctial basic state, also
leads to a slight reduction in vorticity advection by the
eddy divergent winds in the tropical band (Fig. 6b).
However, the westerly zonal-mean flow enhances the

FIG. 5. As in Fig. 2 except for the equinoctial basic state: contour interval is 10 m in (a) and (d).
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meridional propagation of Rossby wave activity and
also tends to retard the westward propagation of the
wave somewhat (Phlips and Gill 1987), while the ad-
vection of vorticity by the westerly zonal-mean flow
acting on the eddy vorticity anomalies (Fig. 6c) rein-
forces the anticyclonic vorticity generation poleward
and eastward of the mass source. Figure 6a indicates
that isolated divergence and convergence anomalies in
the subtropics also tend to reinforce the anticyclonic
circulation to the east of the mass source, and provide

cyclonic forcing to the west. Experiments with a fixed
eddy divergence field (not shown) indicate that these
isolated subtropical divergence anomalies, which are
partially visible in Fig. 5c (the divergence anomalies to
the east of the mass source are not quite large enough
to show up) are induced by the advection of vorticity by
the rotational flow to the west and east of the mass
source (Fig. 6d), which is no longer balanced by diver-
gent advection alone. The advection of vorticity by the
mean meridional winds (Fig. 6f), on the other hand, has

FIG. 6. As in Fig. 3 except for the equinoctial �e � 0° experiment and including the zonal-mean wind terms.
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little influence on the vorticity balance in the equinoc-
tial basic state.

As in the resting basic state, moving the eddy forcing
off the equator (Figs. 5d–f) amplifies the response in
the hemisphere with the forcing and leads to a tilt in the
eddy wind vectors along the equator, with only a slight
decrease in amplitude in the opposite hemisphere. An
analysis of the eddy vorticity balance (not shown) con-
firms that the amplification of the eddy response arises
from the displacement of the eddy divergence forcing
into a region with stronger absolute vorticity, that the
westerly zonal-mean zonal winds in the subtropics of
the equinoctial basic state are responsible for amplify-
ing the eddy response relative to the corresponding
resting basic state integration, and that the westerly
zonal-mean flow and induced subtropical eddy diver-
gence anomalies are responsible for shifting the centers
of the Rossby gyres to the east.

c. Solstitial basic-state solutions

Figure 7 shows the response of the shallow-water
model to eddy forcing on and off the equator in the
solstitial basic state. When the forcing is centered at the
equator (Figs. 7a–c), the wind and height variations in
the Northern (summer) Hemisphere are much weaker
than the corresponding features in the equinoctial basic
state (Fig. 5a), while the eddy response in the Southern
(winter) Hemisphere is enhanced. Also note that the
strongest eddy winds and the dividing line between
clockwise and counterclockwise rotation (Fig. 7b) are
both located slightly south of the equator, while the
eddy divergence and divergent winds (Fig. 7c) remain
collocated with the mass forcing at zero latitude (al-
though the divergence anomalies induced by the rota-
tional flow in the Southern Hemisphere are somewhat
stronger). This latitudinal separation between the rota-
tional and divergent components of the circulation
gives rise to a northeast–southwest tilt in the eddy wind
vectors near the equator, as in the equinoctial experi-
ment with eddy forcing off the equator, although in this
case the strongest wind anomalies are now found
slightly south of the equator.

The vorticity balance in the solstitial �e � 0° run,
shown in Fig. 8, indicates that the hemispheric asym-
metry of the eddy response in the solstitial basic state
can be attributed mostly to the hemispheric asymmetry
of the zonal-mean zonal wind field: the strong westerly
zonal-mean flow in the winter hemisphere amplifies the
Rossby wave response and provides strong zonal vor-
ticity advection (Fig. 8c). However, the cross-equatorial
mean meridional winds in the solstitial basic state (cf.
Fig. 2e) are associated with substantial vorticity advec-
tion in the vicinity of the equator (Fig. 8f), which ap-

pears to be responsible for the southward shift in the
dividing line between clockwise and counterclockwise
rotation in Fig. 7b (Fig. 8a indicates that the divergence
anomaly associated with the mass source also tends to
reinforce the counterclockwise motion once the zero
vorticity line shifts south of the equator). The zonal-
mean divergence field associated with the cross-
equatorial mean meridional flow in the solstitial basic
state also tends to reduce the amplitude of the eddy
vorticity anomalies in the Northern Hemisphere and
enhance the vorticity anomalies south of the equator,
although this effect is only responsible for a small frac-
tion of the hemispheric asymmetry in Figs. 7a,b.

As in the equinoctial and resting basic states, moving
the mass forcing north of the equator in the solstitial
basic state (Figs. 7d–f) enhances in the eddy response in
the Northern Hemisphere dramatically with only a
slight reduction in the eddy response in the Southern
Hemisphere. However, since the Southern Hemisphere
response is already quite strong in the solstitial basic
state, the eddy response in the solstitial �e � 10°N ex-
periment is stronger than any other experiment, and
the eddy height and vorticity anomalies are almost sym-
metric about the equator. This result suggests that
strength and hemispheric symmetry of the eddy circu-
lations in the tropical upper troposphere during solsti-
tial months noted by Dima et al. (2005) may be attrib-
uted to the tendency for the maximum eddy and zonal-
mean diabatic forcing to occur on the same side of the
equator. The strength of the eddy response in the sum-
mer hemisphere can be attributed to the displacement
of the eddy forcing into a region with a larger absolute
vorticity (and vorticity gradient), while the strong re-
sponse in the winter hemisphere arises due to the stron-
ger zonal-mean flow on that side of the equator. Ex-
periments with a linearized version of the model (Krau-
cunas 2005) indicate that nonlinear effects, especially
the nonlinear advection of vorticity by the rotational
and divergent flows, are also important in the solstitial
�e � 10°N experiment, especially where the easterly
zonal-mean flow tends to amplify the easterly eddy
winds near the equator.

Watterson and Schneider (1987) determined that
cross-equatorial mean meridional winds enhance the
propagation of wave activity in the direction of the flow
and retard wave propagation in the opposite direction,
in accordance with group velocity considerations. Their
analysis suggested that this effect is particularly evident
when the mean zonal winds at the equator are easterly.
To determine if this effect operates in our model, the
�e � 0° and �e � 10°N eddy forcing experiments were
repeated using the solstitial no-Hadley basic states de-
scribed in the previous section. Figure 9 shows the equi-
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librium eddy response of these two no-Hadley experi-
ments. The differences between Figs. 9a and 7a are
relatively small, but Fig. 9b shows a much weaker eddy
response south of the equator than Fig. 7b, indicating
that the cross-equatorial mean meridional flow indeed
plays an important role in promoting a hemispherically
symmetric eddy response in the solstitial basic state
when the eddy forcing is centered in the summer hemi-
sphere. The eddy winds near the equator in Fig. 9b are
also slightly weaker and exhibit a less pronounced

northeast–southwest tilt than those in Fig. 7b. As dis-
cussed in the next section, these changes in the eddy
wind field have a significant impact on the transport of
momentum across the equator.

d. Tropical eddy momentum fluxes

The zonally averaged eddy momentum fluxes in the
equinoctial, equinoctial no-Hadley, solstitial, and solsti-
tial no-Hadley experiments are plotted in Fig. 10. These
fluxes arise due to the tilt in the eddy wind vectors that

FIG. 7. As in Fig. 5 except for the solstitial basic state.
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arises when either the basic state or eddy forcing is
asymmetric about the equator. When the eddy forcing
and the basic state are both centered at the equator
(solid curve in Fig. 10a), which corresponds to equinoc-
tial or annual-mean conditions on earth, the eddy mo-
mentum flux is equal and opposite in the two hemi-
spheres, reaching a relatively weak maximum at �5°
latitude. When the peak of the zonal-mean topography
is moved into the Northern Hemisphere (solid curve in
Fig. 10b), the northward flux almost doubles in ampli-

tude, while the southward flux decreases dramatically.
Moving the eddy forcing north of the equator in the
equinoctial basic state (dashed curve in Fig. 10a) leads
to similar but slightly smaller changes in the amplitudes
of the northward and southward fluxes, and the pattern
also shifts northward by �8°. Hence, the eddy momen-
tum fluxes converge in the latitude band where the
eddy forcing is located, which is consistent with the
general theory of wave propagation through rotating
geophysical fluids (Held 1975).

FIG. 8. As in Fig. 6 except for the solstitial �e � 0° experiment.
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The eddy momentum fluxes in the solstitial �e �
10°N model integration (dashed curve in Fig. 10b) are
much stronger than those in any other experiment. This
agrees with the observed pattern of eddy momentum
fluxes in the tropical upper troposphere (Dima et al.
2005), which are strongest during solstitial seasons. The
dashed curve in Fig. 10b also closely mirrors, with a
change in sign, the mean meridional circulation in the
solstitial basic state (Fig. 1e). When the mean meridi-
onal flow is removed from the solstitial �e � 10°N ex-
periment (dotted curve in Fig. 10b), the eddy momen-
tum fluxes decrease dramatically. The eddy momentum
fluxes in the other no-Hadley experiments are similar
to those in the full basic states. Hence, the anticorrela-
tion between the eddy momentum fluxes and mean me-
ridional winds over the equator in the tropical band can
be attributed to the tendency of off-equatorial heating
to induce cross-equatorial eddy momentum fluxes and
the influence of the mean meridional circulation on the
stationary wave response. Experiments with a linear-
ized version of the model (Kraucunas 2005) suggest
that nonlinear effects are responsible for about a third
of the amplification of the steady eddy momentum
fluxes in the solstitial �e � 10°N experiment.

The amplification of the eddy momentum fluxes near
the equator by strong mean meridional flows can also
be reproduced in an even simpler model. Consider the
steady-state barotropic vorticity equation on an equa-
torial beta plane, linearized about horizontally uniform
zonal and meridional winds U and V, and forced with a
fixed vorticity source F:

U
��*
�x

� V
��*
�y

� �o�* � F � k�*. 
14�

Here �o is the planetary vorticity gradient at the equa-
tor, k is the linear damping strength, and x and y rep-
resent distance in the zonal and meridional directions,

respectively. To further simplify the problem, consider
forcing F and plane wave solutions of the form �* �
Ae(imx�iny) with a single positive zonal wavenumber
m � 2� M/a (where M is an integer) and a single me-

FIG. 10. Eddy momentum fluxes in the (a) equinoctial �e � 0°
(solid), equinoctial no-Hadley �e � 0° (dashed), equinoctial �e �
10°N (dot–dashed), and equinoctial no-Hadley �e � 10°N (dotted)
runs and in the (b) solstitial �e � 0° (solid), solstitial no-Hadley
�e � 0° (dashed), solstitial �e � 10°N (dot–dashed), and solstitial
no-Hadley �e � 10°N (dotted) runs.

FIG. 9. As in Fig. 5 except for the solstitial no-Hadley basic state.
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ridional wavenumber n � 2�/�y (where �y is the wave-
length) that can be either positive or negative, corre-
sponding to northward and southward moving waves, re-
spectively. Substituting u* � ���*/�y � �in�*, �* �
��*/�x � im�*, and �* � �2�* � �(m2 � n2)�* into (14)
yields


* � F	�im� � 
imU � inV � k�
m2 � n2��. 
15�

Since the forced waves and basic state are identical at
all latitudes, the zonally averaged eddy momentum flux
is identical to the globally averaged eddy momentum
flux and is equal to

�u*�*� � �mn |
*
*† |

�
�mnF2

�m� � 
m2 � n2�
mU � nV��2 � �k
m2 � n2��2 .


16�

Since m is always positive, (16) exhibits the familiar
property that waves with positive n (i.e., northward
moving waves) are associated with negative (south-
ward) fluxes of momentum, and vice versa. Also note
that, when V is zero, the flux for positive n will be equal
and opposite to the flux for negative n (i.e., the fluxes
associated with northward- and southward-moving
waves will be equal and opposite). It is also clear that
the magnitude of the momentum flux will increase with
the zonal wind speed U. The relationship between V
and [u*�*] is not immediately obvious, although group
velocity considerations (e.g., Watterson and Schneider
1987) might lead one to anticipate that the flux will be
enhanced when the wave is traveling in the same direc-
tion as the mean meridional flow.

Figure 11 shows the value of [u*�*] from (16) over a
range of mean meridional wind speeds with F � 1.5 �
10�11 s�2, U � �5 m s�1, k � (10 days)�1, �y � 45°, and
M � 1. These values have been chosen to correspond
with the equilibrium steady eddy circulations in the
shallow-water experiments, but similar results are ob-
tained over a wide range of parameters. When the
mean meridional flow is zero, the positive (northward)
eddy momentum fluxes associated with the southward-
moving wave (n � 0, dashed line) are equal and oppo-
site to the negative (southward) eddy momentum fluxes
associated with the northward-moving wave (n � 0,
solid line), as expected. However, the relative ampli-
tude of the northward and southward momentum
fluxes changes dramatically when the mean meridional
flow is nonzero, with northward V inducing a large in-
crease in the southward flux and a small decrease in the
northward flux, and southward V inducing changes of
the opposite sign. Hence, the total eddy momentum

flux (dotted line) is amplified by, and directed opposite,
the mean meridional flow.

5. Conclusions

A nonlinear shallow-water model has been used to
explore the influence of hemispheric asymmetry and
Earth-like zonal-mean winds on the response to tropi-
cal eddy forcing. A novel technique is used to impose
realistic basic states in the shallow-water system: a
large, zonally symmetric topography distribution that
approximates the observed upper-tropospheric geopo-
tential slope is imposed underneath a thin fluid layer.
This configuration yields realistic basic-state zonal
winds without artificially enhancing tropical wave
speeds or neglecting nonlinear terms, thus providing a
consistent and versatile framework for studying the in-
fluence of different basic states on the steady eddy cir-
culations at low latitudes. A Hadley circulation can be
imposed by relaxing the fluid layer toward its initial,
global-mean value, or neglected by considering pertur-
bations to a balanced basic state. Both hemispherically
symmetric and hemispherically asymmetric basic states
are considered. Eddy forcing is imposed by introducing
a mass sources at, or near, the equator, with a compen-
sating mass sink at other longitudes.

One of the most interesting results of these experi-
ments is that the subtropical eddy height and circula-
tion anomalies exhibit similar amplitudes and horizon-
tal patterns in both hemispheres when the eddy forcing
and zonal-mean divergence are both on the equator or
both in the same hemisphere. This result suggests that
the surprising hemispheric symmetry observed in the
seasonally varying tropical stationary waves in the
NCEP–NCAR reanalysis (Dima et al. 2005) arises be-

FIG. 11. Eddy momentum fluxes calculated using the linear
barotropic model (18) with a mean zonal wind speed of �5 m s�1

and eddy forcing at zonal wavenumber-one with a meridional
scale of 45°, plotted as a function of mean meridional wind speed.
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cause the maximum eddy and zonal-mean diabatic
heating tend to occur in the same latitude band over the
course of the seasonal cycle (see, e.g., Wang and Ting
1999). It is also notable that the amplitude of the sta-
tionary wave response is much larger when the eddy
forcing and zonal-mean divergence are both located on
the same side of the equator than when they are both
hemispherically symmetric, in agreement with the ob-
served seasonal cycle in stationary wave amplitudes.

The strength and symmetry of the response to off-
equatorial eddy forcing in the solstitial basic state can
be explained as follows. The amplification of the eddy
response in the summer hemisphere arises because the
eddy mass source, and hence the eddy divergence
anomaly, is located in a region with a larger zonal-mean
total vorticity, which enhances the generation of vortic-
ity by vortex stretching. The amplification of the winter
hemisphere response, on the other hand, can be attrib-
uted to 1) the advection of vorticity by the eddy diver-
gent wind field, which forces rotational flow across a
much broader latitudinal range than the eddy diver-
gence anomaly itself; 2) the stronger zonal-mean zonal
winds in the winter hemisphere, which promote a stron-
ger Rossby wave response; and 3) the cross-equatorial
mean meridional flow, which enhances the propagation
of wave activity in the direction of the flow, as discussed
by Watterson and Schneider (1987).

The relatively weak stationary wave response ob-
tained when both the eddy forcing and the basic state
are hemispherically symmetric, on the other hand, can
be attributed to the large anticyclonic vorticity anoma-
lies that form on either side of the equator, which re-
duce the vorticity and vorticity gradient in the vicinity
of the mass source. Were it not for the advection of
vorticity by the eddy divergent winds, which operate
over a much broader latitudinal scale than the vortex
stretching associated with the eddy divergence
anomaly, the response to eddy forcing centered on the
equator would be very small. Sardesmukh and Hoskins
(1988) reached a similar conclusion regarding the glob-
al stationary wave response to a fixed tropical eddy
divergence anomaly in a barotropic model.

The seasonal variations in the low-latitude eddy mo-
mentum fluxes reported by Dima et al. (2005) can also
be attributed to the tendency for the maximum zonal-
mean and eddy forcing to occur in the same latitude
band. Hemispheric asymmetry in either the mean me-
ridional flow or tropical eddy forcing produces steady
eddy momentum fluxes that are directed across the
equator. The momentum flux is strongest near the
equator because the flow is less constrained by plan-
etary rotation and because the weak horizontal vortic-
ity gradients near the equator allow stronger eddy me-

ridional winds. The momentum fluxes are enhanced
when the eddy forcing and zonal-mean divergence are
located in the same hemisphere because the eddy re-
sponse is strong in both hemispheres, and because
cross-equatorial mean meridional flow enhances the
propagation of wave activity across the equator. Hence,
the eddy momentum fluxes associated with the tropical
stationary wave response are anticorrelated with the
mean meridional flow and strongest when the basic
state and eddy forcing are both hemispherically asym-
metric, which mirrors the relationship between the ob-
served seasonally varying large-scale waves and mean
meridional flow in the equatorial upper troposphere.

Another important conclusion arising from the shal-
low-water model experiments described here is that the
presence of westerly zonal-mean winds in the subtrop-
ics shifts the centers of subtropical vorticity and height
anomalies eastward relative to their positions in a rest-
ing basic state. Divergence and convergence anomalies
induced by the strong rotational flow on either side of
the mass source also play an important role in control-
ling the size and shape of the eddy response in realistic
basics states; this feedback would not be resolved in a
barotropic model or a model with fixed eddy diver-
gence anomalies. All of these features are reproduced
in a linearized version of the model (Kraucunas 2005).
This makes it unlikely that nonlinearity is responsible
for the eastward displacement of the subtropical anti-
cyclones, as suggested by Hendon (1986). However, the
centers of rotational flow are still centered slightly to
the west of the mass source in all of the shallow-water
experiments, whereas the observed subtropical anticy-
clones are usually centered directly poleward of the
strongest eddy forcing. The results of Ting and Held
(1990) suggest that transient eddy fluxes could be re-
sponsible for this remaining discrepancy, although the
moderately strong drag used in our model might also be
a factor. Both the position of the subtropical anticy-
clones and the hemispheric symmetry of the response
to tropical eddy forcing could also be influenced by the
presence of zonal asymmetry in the basic state, a pos-
sibility that could be explored in future work.
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