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Output 9: Degree N interpolation of u(z) = 1/(1+ 16z2) in N +1 equispaced
and Chebyshev points for N = 16. With increasing N, the errors increase
exponentially in the equispaced case—the Runge phenomenon—whereas in the
Chebyshev case they decrease ezponentially.
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Figure B.2. The Chebyshev polynomial viewed as a function Cy,(6) on the unit
disk '® and when projected on the x-axis, i.e., as a function of x = cos(6). Shown for
m = 15.
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Chebyshev spectral differentiation via FFT

e Civen data vp,...,vn at Chebyshev points o = 1,...,ZN = —1, extend
this data to a vector V of length 2V with Vay—j =v5, 1 =1,2,... N —1.

e Using the FFT, calculate

2N
&y T —ik;1/. _
Vk—-ﬁ;e Vi, k=-N+1,...,N.

e Define W = ik Vk, except Wy = 0.

e Compute the derivative of the trigonometric interpolant Q on the equispaced
grid by the inverse FFT:

N

1 A
W, = — 2: k05 W, i=1,...,2N.
’ 27T1c=—N+1e ‘ ’

e Calculate the derivative of the algebraic polynomial interpolant ¢ on the
interior grid points by

W, = ————
J [~ 9’

with the special formulas at_the endpoints

N

N

1 1 9. 1 "1\ 25
wo=—Y  nton, wy=g5=p (1) nbn
2m e~ 2m —~

(ML

where the prime indicates that the terms n = 0, N are multiplied by

Review of DFT — Chebyshev relationships

Chebyshev Fourier

x=cos0, 1>2x=>-1 0, 0<0<m(evenextnto0<0<2n)
T(x) cos n0
Chebyshev points x; = cos 6;, j=0,...,.N 6,=jm/N, j=0,..., 2N-1

N

0"(x) = ZO,C}”T,,(X) 7" (0) = Zc}n cosnf

n=0
dO"(x)/dx; can take any value atx=-1,1  -(1/sin 0)dg"/d0; dg"/d®=0at 6=0,n

Polynomial interpolation/differentiation Fourier interpolation/differentiation



This algorithm can be viewed as an N+1 x N+1 derivative matrix D" operating on the
vector of function values Q; at the Chebyshev points to give the derivative at those points
to spectral accuracy.

With some work, the elements of D" can be explicitly computed (Dcheb .m).
Multiplication by D" is less computationally efficient than using the DFT, but it is
conceptually easy, fast enough to use for large enough N to achieve high accuracy for
smooth problems, and flexible for setting up the solution of two-point BVPs.
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Another way to compute the derivative matrix is by remembering that the Chebyshev
interpolating function is the unique N’th order polynomial that passes through the given
values Q; at the vector x of the Chebyshev points, so the form of the p’th derivative at each
of those points x; can be computed using fdcoeffF (p,x(1i),x). This approach is
used in RJL’s example BVP_spectral.m
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u(x), N=10 error in u’(x), N=10
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Output of p11.m, showing accuracy of Chebyshev method for differentiation of a smooth function

max err = 1.261e-10
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Output of p13.m, showing Chebyshev solution (N =16) of u” =¢", u(-1)=u(1)=0.



S7
N\ &
The RCS exe \mQ\QW\u\\Qs \D‘S “QQ\“Q\V‘ﬁ Phe couxof ® \

c.occchm\&ms\n Ye o \ooov\&ms QO(«\\'& X='S.\ Ao\ ond
==V (0 NY ey Whe cdevunt RC. Vetinng

M4, O il e ) Qo i(n_\
3
N\* .
(D )ks ) VskesNq =
o Q1 dn
- ° - . . (. QN 1(: \‘ |

Lg_k\-\'h% T v \*\v\e\l-\)*ﬁ\l-\\ alay
~ 2 .
kL\‘; ®N\“'\ LRI

we Hhan Solve

q €, -&b"\zl,owm- O I
N }
A - |0 )z}a,n-;%m - ‘.@ﬂm,ﬁt“
v Yas chgg) %\\’QO’D ;058
W=Q=0: QA A
N [ T { '.'
Qu-\ (TR

We use a shondacd mokny asle. €N

ond e would seh \'\«Qm\»\w )
w Skead  Neke wdieS age obfst \

'S \e\:esq Wit would e mekQarent

g \\S\V\% Yae &\Q\:\:\s\\tv corbhavuntg 'q“

Y Aw gcf\q{ since O imdies ot alowsad WMy,
933. ™ cv" = ﬁx, 1’('\\= N=0

IV\ \'\A\S Coupe ) Q0 = %(\\-‘- O kV\Mq{\ \:ngk QN’ %‘\\ (s vob. We

eelace Mo (oo, RaN wibh e denwvebye BC

,\V\\Q\Q-W\M\'l& ’
ag (ro\.o N o denvahvr wakg “N ) . (

Q, ,
V= q(0= 0.
QN\ q'k



o qet

\1 0\\(; h&\:o}

[@“ﬂk) s

e ) e

E\\W\\V\u\'\V\% Q° ywe ac,\\au\\xs e Yae NxN S\SS\-W

~ €
L - . }
. Ena
QN 0
UJ\\“Q e
[(D ) lk \ < keN-)
~ )
[L —\ .= \ ¢ \ <N |
kl N )
b ] k= N
N
max err = 3.0965e-09
0 T T T T T T T T T
-0.51 _
-1} T
-1.51 7
2| m
25 7
_3 — i
-3.5F _
_4 | | | | | | | | |
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Output of p13.m, showing Chebyshev solution (N =16) of u” =e**, u’(=1)=u(1)=0.



