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27.1 Model equations and Kalman notation

Following Lecture 25, imagine we are tracking a batted ball moving under grav-
ity. Let (rn, zn) be the horizontal and vertical components of the true position of
the ball at successive times t = (n−1)∆t, and let (un, wn) be the corresponding
velocity components.

The model equations are

rn = rn−1 + un−1∆t

zn = zn−1 + wn−1∆t− g∆t2/2

un = un−1

wn = wn−1 − g∆t,

where g = 9.8 m s−2 is the downward acceleration of gravity. Defining the state

x = [r z u v]T ,

this defines the model function xn = f(xn−1). Because f is a linear function
of the m = 4 unknowns, it is easy to deduce the 4 × 4 update matrix

F =


∂f1/∂r ∂f1/∂z ∂f1/∂u ∂f1/∂v
∂f2/∂r ∂f2/∂z ∂f2/∂u ∂f2/∂v
∂f3/∂r ∂f3/∂z ∂f3/∂u ∂f3/∂v
∂f4/∂r ∂f4/∂z ∂f4/∂u ∂f4/∂v

 =


1 0 ∆t 0
0 1 0 ∆t
0 0 1 0
0 0 0 1

 .

27.2 Observations

At each time, we observe the angle of the ball

yn = tan−1(zn/rn)

with variance σ2
o . Hence, the measurement function is

y = h(x) = tan−1(z/r).
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From the Jacobian of this function we get the 1 × 4 measurement matrix,

H =
[
∂h/∂r ∂h/∂z ∂h/∂u ∂h/∂v

]
=
[ −z

r2+z2
r

r2+z2 0 0
]
.

Since there is q = 1 measurement per time step, the 1 × 1 measurement
covariance matrix is

Co = [σ2
o ].

27.3 Initialization

We know the location r0, z0 = 0 at which the bat hit the ball with small un-
certainty but we have to arbitrarily guess the ball’s initial velocity u0, v0, and
hence assign a large uncertainty to them. We use these principles to calculate
the initial state vector x̂1 and covariance matrix Ĉ1. The hope is that the ob-
servations will quickly constrain the velocities and the covariance matrix. This
is not assured, because we only have one measurement and four variables.

27.4 Results

The Matlab code kalman3 implements a Kalman filter based on the above, with
plausible numerical values chosen for all the parameters and initial conditions.
Within 12 observations (1.2 second) the approach converges fairly accurately
to the true solution. Interestingly, the predicted variance of the ball position
(especially height) increases over most of the ball trajectory, but seems to over-
estimate the actual error. The ball landing location is well predicted based on
the estimated state at all times more than 1.2 seconds after it is batted.

27.5 Limitations of the Kalman filtering approach

Kalman filtering is a powerful method for keeping a model of some process
optimally matched in real time to a sequence of noisy observations. However,
it does have some important pitfalls and limitations:

Computational complexity If the model has many predictive variables, and
especially if there are also observations of many quantities at each time
(e. g. a global weather forecast), the prediction and update of the covari-
ance matrix can become computationally unaffordable, since it involves
extremely large matrices. Shortcuts to simplify this process have their
own problems.

Overconfidence The method works best if the variances of the observations
and of the predicted values of the measurements stay comparable. With
long time steps between updates or with incomplete or very noisy obser-
vations, the predicted model uncertainty can become much less than the
observational uncertainty in some variables, which will cause the updated
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state to nearly ignore those observations and drift away from reality. To
combat this, it is often necessary to inflate the variance of the model
uncertainty in some way, e. g. by adding artificial noise into the model.


