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Refs: Matlab Signal Processing Toolbox help; Hartmann notes, Chapter 7.

16.1 Z-transform

The action of filters on sinusoidal input time series of various frequencies can be
analyzed with the Z-transform, which involves choosing forms for the input
series uk = Zk and the filtered series vk = R · Zk, algebraically solving for the
response R as a function of Z. We then set Z = e−iω∆t to get the complex-
valued filter response as a function of angular frequency ω.

Using eqn. (??), the Z-transform of the running mean filter of length N =
2P + 1 is:

RZj =

P∑
p=−P

wpZ
j−p

R =
1

2P + 1
(ZP + ZP−1 . . .+ Z−P )

=
1

2P + 1

ZP+1 − Z−P

Z − 1
.

Substituting Z = eiω∆t, the response function of the running mean filter is

R(ω) =
1

2P + 1

e−i(P+1)ω∆t − eiPω∆t

e−iω∆t − 1

=
1

2P + 1

−2ieiω∆t/2 sin[(2P + 1)ω∆t/2]

−2ieiω∆t/2 sin[ω∆t/2]

=
sin[2P + 1ω∆t/2]

2P + 1 sin[ω∆t/2]

≈ sin[2P + 1ω∆t/2]

2P + 1ω∆t/2
if ω∆t� 1

= sinc(2P + 1ω∆t/2); sinc(x) = sin(x)/x.

The response function for P = 2 plotted in r
¯
unningmean nicely shows this

behavior, with zero crossings at 5ω∆t/2 = ±π,±2π, . . ..
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16.2 Butterworth filters

There are many courses taught and textbooks written about the design of digital
filters. Here we introduce one class, called Butterworth filters which are well-
suited for many data analysis applications.

They are recursive, i. e. they have the form

vj =

P∑
p=0

apuj−p +

Q∑
q=1

bqvj−q

The filtered value depends not only on a weighted average of the unfiltered
time series (the first sum), but also recursively on previous values in the filtered
time series (the second sum). Like for FIR filters, the Z-transform can be used
to calculate the frequency response of recursive filters; now R is a quotient
of polynomials in Z = eiω∆t. A recursive filter can create a desired spectral
response function with a lesser number of weights (and thus less computation
and less sensitivity to boundary assumptions) than a non-recursive filter. See
Hartmann Ch. 7 for a discussion of how to compute the weights. With more
weights (larger P and Q) the filter can be designed with a sharper cutoff of the
frequency response, at the expense of more computation and more boundary
issues. For many purposes, a sharp frequency cutoff is not really needed and a
lower-order filter works fine.

The Matlab script butterworth.m calculates the coefficients and magni-
tude and the complex response function of an N -th order low-pass Butterworth
filter, which uses P = Q = N . The plots for N = 4 show the amplitude and
phase of the filter response function. Unlike a Fourier filter, the filter is causal
(relies only on past data) so it has a phase delay; in this case up to one cycle
(period) of the sinusoid being filtered. The plot also shows the impulse response
to a signal which is 1 at time index 0 and 0 at all other time samples. It becomes
small, but not exactly zero, at large times. Hence this is called an IIR (Infinite
Impulse Response) filter. This measures how local the filter is, which determines
which elements of the filtered time series are affected by boundary assumptions
about what happens before the start of the time series.

The last plot shows the action of the low-pass Butterworth filter on a short
time series of a square wave with period 10 samples. The filter takes a few time
samples to adjust to the signal, then nicely smooths the square wave with a slight
phase delay. By then filtering backward in time, we can cancel out the phase
delay, which is advantageous in many data analysis applications (this zero-phase
version of the filter can be obtained using the Matlab function filtfilt).

Matlab script music2.m applies low-pass, high-pass and band-pass 8th-
order Butterworth filters to our Messiah segment. The high and band pass
filters produce audibly indistinguishable results from Fourier filtering. For the
low-pass filter, there is a slight audible difference because the Butterworth filter
does not fully remove frequencies just above the cutoff. Using filtfilt, which
adds a second backward application of the low-pass filter, further attenuates
these frequencies; the result sounds more like Fourier filtering.


