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Abstract 
This study analyzes the performance of the Eddington 

second-order approximation with and without δδδδ-scaling, the 
Neumann iterative method, and the Monte Carlo method at 
millimeter-wave frequencies. The reliability and consistency of 
these radiative transfer models is identified and the differences 
and source of those differences in brightness temperatures that 
may originate in the forward computations are examined. In 
addition, computation speeds of the radiative transfer 
calculations are also compared for evaluation. 

 
1. Introduction 

 
Accurate and computationally efficient forward radiative 

transfer calculations are essential for the retrieval of 
atmospheric properties from remotely sensed microwave 
observations. Interest has grown in the retrieval of liquid 
and ice hydrometeors from radiometers operating at 
millimeter microwave frequencies that were originally 
selected for temperature and moisture sounding. The 
Advanced Microwave Sounding Units (AMSU-A and B) on 
the NOAA 15, 16, and 17 provide such measurements. 

 
In order to develop fast inversion algorithms, using 

pregenerated cloud radiative databases that can be used to 
minimize the observed and calculated brightness 
temperature differences, the radiative transfer calculations 
are required to be reliable and efficient. 

 
 This study analyzes the performance of three radiative 

transfer models which have been used for liquid and ice 
hydrometeor profile retrievals in terms of accuracy and 
computation efficiency.  Solutions to the Eddington second-
order approximation [1],[2] with and without δ-scaling [3], 
the Neumann iterative method [4],[5] and the Monte Carlo 
(MC) method [3] are compared at frequencies of 89, 118, 
150, 183.3+/-1, 183.3+/-7, 220, 340 GHz at nadir and at 53° 
off-nadir. Three atmospheric profiles (light rain, moderate 
rain + snow, and heavy snow) are desplayed for these 
comparisons and the weighting functions for these profiles 
at each frequency are presented.  

 

2. Input Parameters 
 
Figure 1 shows hydrometeor and relative humidity 

profiles for three cases employed in these radiative transfer 
calculations. The same Mie parameters and surface 
emissivity values derived from Fresnel assumptions are 
used as inputs for all model calculations to ensure that 
differences obtained from retrieval techniques originate 
only from radiative transfer codes. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1 Hydrometeor profiles for (a) light rain, (b) moderate rain 
with  snow, and (c) heavy snow cases. 

 
Hydrometeor profiles were derived from the 

Pennsylvania State University–National Center for 
Atmospheric Research (PSU–NCAR) fifth-generation 
Mesoscale Model (MM5) simulations for the March 5-6 
2002 New England blizzard ([6][7]). The model results 
include air temperature, pressure, relative humidity, cloud 
liquid water content, rain water content, cloud ice content, 
snow ice content and graupel content for each level.  

 
Cloud drop size distributions are assumed to be 

monodispersed with the size of 0.05 mm following [8]. 
Raindrop size distributions are assumed to have Marshall-
Palmer distributions.  

(b) (a) (c) 



Precipitating ice particles are assumed to be spherical, 
even though it is well known that ice particle shapes are far 
more variegated. This simplification is invoked because it is 
difficult to justify the introduction of diverse shapes in 
electromagnetic scattering models in the absence of 
measurements. Although mixed medium mixing theories, 
such as that of Maxwell-Garnett ([9],[10]) have been used 
to represent the dielectric constant of snow at low 
frequencies (< 90 GHz), [11] called attention to the fact that 
scattering was determined by the dimensions of the 
inhomogeneities of the hydrometeor when the wave length 
becomes comparable to those dimensions, i.e. at high 
frequencies.  

 
We represent snow by equivalent spheres whose 

diameters, Deq = 6V/A are determined by the ratio of the 
volume, V, to surface area, A, in accord with the findings of 
[12]. The equivalent sphere size distribution was assumed to 
be a Gamma distribution function N(D)=No D exp(-D/<D>) 
where <D> is the mean equivalent size. The <D> is 
assumed to be 0.05 mm, which yields attenuation that is 
consistent with  attenuation observations of [13] as shown in 
[7]. The coefficient No is adjusted to preserve the mass 
density.  

 
Figure 2 presents weighting functions calculated with 

profiles shown in Figure 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.2 Weighting function profiles for (a) light rain , (b) moderate 
rain + snow, and (c) heavy snow cases shown in Fig.1 

 
The weighting function peak for the 183.3+/-1 GHz 

channel is above 7 km altitude for all three profiles. Since 
the light rain profile does not cause much scattering, the 
183.3+/-7 GHz and 340 GHz of the weighting function peak 
is almost at the same height. However, the weighting 
function peak of the 340 GHz channel exists at a much 
higher altitude in the moderate rain with snow and heavy 
snow profiles.  

 
3. Results 

 
3.1 Brightness Temperature Comparison 

The MC method is assumed to provide the most precise 
brightness temperatures in this study since it considers all 

scattering angles. The number of photons counted in the 
MC method should be sufficient to generate brightness 
temperatures close to the true value. This study allowed the 
number of photons to be 200 for the light rain profile and 
1000 for the moderate rain+snow and heavy snow profiles 
because doubling the number of photons did not change 
calculated brightness temperatures at any frequencies.  

 
Figure 3 and Figure 4 show the brightness temperature   

differences between the MC method and the iterative 
method, and the Eddington approximations with and 
without δ-scaling at nadir and at 53° off-nadir, respectively.   

 
For the light rain profile which causes weak scattering 

and strong absorption, all  three radiative transfer models 
show close brightness temperatures (within 2K of the MC 
method). The iterative method generated values close to the 
MC generated brightness temperature within ± 0.5 K except 
at 118 GHz where the brightness temperatures were biased 
by approximately +1 K in all of the models.  Brightness 
temperatures generated by the iterative method should 
converge to the true value as the number of quadrature 
angles increases. The iterative method needed to have more 
than 2 quadrature angles to generate converged brightness 
temperatures for the light rain profile.  The δ-scaling in the 
Eddington approximation did not affect brightness 
temperature values for the light rainfall profile since 
scattering effects are small.  

 
For the profile of moderate rain with upper level snow 

which causes strong absorption and strong scattering at the 
same time, brightness temperatures for all three models are 
close to each other and differences are within ±2 K at all 
frequencies except at 340 GHz, where the iterative method 
computed brightness temperature at 53° off-nadir was lower 
than the brightness temperature computed from the MC 
method. The iterative code generated converged brightness 
temperatures when the number of quadrature angles was at 
least 6 for moderate rain with snow. However, it was found 
that using 16 quadrature angles caused numerical instability 
which grew as the iteration number increased. 

 
Differences between brightness temperatures calculated 

by the Eddington approximation with and without δ-scaling 
are less than 1 K at all frequencies at nadir and are 
negligibly small at 53° off-nadir. 

 
For the heavy snow profile that causes strong scattering 

without much absorption, all four radiative transfer models 
show close brightness temperature values within ±1 K at 
nadir and ±2 K at 53° off-nadir at all frequencies except at 
340 GHz. At this high frequency, the iterative method again 
shows the large biases caused by numerical instability. The 
iterative code generates the converged brightness 
temperature values when the number of quadrature angles 
are at least 6 for the heavy snow profile at all frequencies 
except at 340 GHz. 
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Fig. 3 Brightness temperature differences at nadir between the 
iterative method and the MC method (∆), between the the 
Eddington approximations with δ scaling and the MC method (x), 
and between the Eddington 2nd approximation without δ scaling 
and the MC method (o) at nadir.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4  Same as Fig.3 except at 53° off-nadir. 
 
 
3.2 Computational Efficiency 

Ten repetitive profiles for each case shown in Fig.1 are 
employed in three radiative transfer models and the 
computational efficiency was compared by checking the 
central processing unit (CPU) time. The Eddington 
approximation was 167, 1195, and 1195 times faster than 
the MC method for the light rain, moderate rain+snow, and 
heavy snow cases, respectively.  The iterative method was 
faster than the MC method by 6 times for the light rain 
profile while it was slower than the MC method for the 
moderate rain+snow and the heavy snow profiles by factor 
of 3 and 6, respectively. 

 
 

4 Conclusions and Discussion 
 

Both of the Eddington approximations with and without 
the δ-scaling yielded satisfactory results at 53o off-nadir. 
The δ-scaling made brightness temperature differences up to 
2 K at 183.3±1 GHz at nadir while it did not make 

difference at 53o off nadir. The δ-scaling is expected to 
simulate better brightness temperatures in case of large size 
ice particles that cause strong forward scattering especially 
at millimeter wavelengths. 

At least 6 quadrature angles are required for the iterative 
method to adequately represent the inhomogeneous vertical 
structure of the scattering and absorbing components of 
clouds. However, it was found that a large number of 
quadrature angles can generate numerical instability in the 
iterative method that cause erroneously high brightness 
temperature values at high frequencies for hydrometeor 
profiles with strong scattering. The iterative method also 
can consume computer time that is even greater than the 
MC method if there are sufficient quadrature angles to 
describe strong scattering. In view of the ease of introducing 
scaled parameters into the Eddington approximation, we 
recommend its use for millimeter-wave radiative transfer 
calculations.  
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